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Abstract
Let {Gp1,Gp2, . . .} be an inﬁnite sequence of graphs with Gpn having pn vertices. This sequence is called Kp-removable
if Gp1 ∼= Kp , and Gpn − S ∼= Gp(n−1) for every n 2 and every vertex subset S of Gpn that induces a Kp . Each graph in
such a sequence has a high degree of symmetry: every way of removing the vertices of any ﬁxed number of disjointKp’s yields
the same subgraph. Here we construct such sequences using componentwise Eulerian digraphs as generators. The case in which
each Gpn is regular is also studied, where Cayley digraphs based on a ﬁnite group are used.
© 2004 Elsevier B.V. All rights reserved.
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1. Kp-removable sequences
In general we follow the notation in [5]. In particular, if S ⊆ V (G), let G[S] be the subgraph of G induced by S. Let p be a
positive integer and n be a variable running from one to inﬁnity. We use [p] = {1, . . . , p}, and i for an element in [p].
An inﬁnite sequence of graphs {Gpn} = {Gp1,Gp2, . . .}, with Gpn having pn vertices, is Kp-removable if it satisﬁes the
following two properties:
P1. Gp1 ∼= Kp ,
P2. For every n 2, the graph Gpn contains at least one Kp and Gpn − S ∼= Gp(n−1) for every S for which Gpn[S] ∼= Kp .
Each graph in such a sequence has a high degree of symmetry: every way of removing the vertices of any ﬁxed number of disjoint
Kp’s yields the same subgraph. We call this property clique-symmetric.
We often write G=G′ in place of G ∼= G′, and refer to Kp as a p-clique.
Let 
D be a digraph without loops and multiple arcs, and with vertex set [p]. Let 
ii′ denote an arc in A( 
D), then i′ is an
out-neighbour to vertex i. Let i have d+(i) out-neighbours and d−(i) in-neighbours.
The following graph construction is central to this paper:
Consider a copy of Kp with vertices labelled {(1, 1), . . . , (p, 1)} = {(i, 1) | i ∈ [p]}; call these vertices vertices at level 1,
and call this graph D1(Kp). Now consider another Kp with vertices labelled {(i, 2) | i ∈ [p]}, these are vertices at level 2.
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For any vertex (i, 2) join it to vertices {(i′, 1) | 
ii′ ∈ A( 
D)} at level 1; call this graph D2(Kp). Now consider a third Kp with
vertices labelled {(i, 3) | i ∈ [p]}, at level 3. Join any vertex (i, 3) to vertices {(i′, 2) | 
ii′ ∈ A( 
D)} at level 2 and to vertices
{(i′, 1) | 
ii′ ∈ A( 
D)}at level 1; this is D3(Kp).
Now, for any n 1, consider the graph which has been constructed level by level, up to n levels, according to this deﬁnition;
call this graphDn(Kp) or simplyDn when p is clear. We say that the digraph 
D generates the sequence {Dn} = {D1,D2, . . .}.
In Dn the vertices are of the form (i, j) for every i ∈ [p] and every j, 1 j n (where j is their level); and the edges are of
two types:
(i) ﬁxed-level edges, say at level j
((i1, j), (i2, j)) is an edge for all i1, i2 ∈ [p] where i1 = i2; and
(ii) cross-level edges, for j > j ′
((i, j), (i′, j ′)) is an edge if and only if 
ii′ ∈ A( 
D).
Call digraph 
D uniform if d+(i)= d−(i) for every vertex i in 
D. Note that 
D need not be connected. Then 
D is an Eulerian
digraph if it has one component, otherwise 
D is Eulerian on each of its components.
In this paper we study the sequences {Dn}. In Section 2, our main result (Theorem 2.3) states that if 
D is uniform then
its generated sequence {Dn} is Kp-removable. In Section 3 we construct sequences in which each graph is regular. We use
-uniform digraphs; these satisfy  = d+(i) = d−(i) for every vertex i in 
D. They can be constructed in a similar manner to
Cayley digraphs. We count the exact number ofKp’s in the graphs in these sequences. Many examples are given throughout the
paper, as well as indications for further research.
2. {Dn} is Kp-removable for uniform 
D
In this section we consider {Dn}, the sequence of graphs generated by digraph 
D. Often 
D will be uniform. In order to prove
that {Dn} isKp-removable in this case, we are interested in theKp’s in suchDn. The next theorem gives necessary and sufﬁcient
conditions for their existence.
For each i ∈ [p], let Ii = {(i, 1), . . . , (i, n)} = {(i, j) | 1 j n} be the set of vertices in Dn in ‘column i’. Then, because 
D
is loopless, i.e., 
ii /∈A( 
D), this is an independent set of vertices, the ith independent set.
Now let V = {(1, v1), . . . , (p, vp)} be an arbitrary vertex subset inDn with exactly one vertex from each independent set Ii .
Let V have vertices at m different levels: 1, . . . , m where 1< · · ·<m. For each k, 1 km, let Vk = {i | vi = k} = ∅ be
the set of ﬁrst coordinates of all vertices of V at level k . Then the sets V1, . . . , Vm form a level-partition of [p] = {1, . . . , p}.
NowDn[V ] contains the cross-level edge ((i, k), (i′, k′))where k′ <k if and only if 
ii′ is an arc in 
D.We call 
ii′ aV-skew
arc. Hence a V-skew arc in 
D ‘joins’ different levels of V.
Let
−→
AB denote the set of arcs in 
D from A to B, i.e., all arcs 
ab with a ∈ A and b ∈ B.
Theorem 2.1. Let 
D be a uniform digraph with p vertices. ThenDn[V ] is a p-clique inDn if and only if the associated V-skew
arcs form a complete symmetric m-partite subdigraph in 
D.
Proof. Suppose that Dn[V ] is a p-clique with level-partition V1, . . . , Vm. The digraph 
D is uniform so the number of arcs
entering any vertex subset equals the number of arcs outgoing from it. Now Dn[V ] is a p-clique so, in 
D,
−→
VkVk′ is complete
for each k′ and k, 1 k′<km; in particular
−→
VkV1 is complete for each k, 2 km. The number of arcs entering V1 is
|V1|(|V2| + · · · + |Vm|)which equals the number of outgoing arcs, hence
−→
V1Vk is also complete for each k, 2 km.
So
−→
V1V2 is complete, and we can apply a similar argument to V2 to show that
−→
V2Vk is complete for each k, 3 km, then
to V3, . . . , and so on. Consequently,
−→
Vk′Vk is complete for each k′ and k, 1 k′<km, i.e., the V-skew arcs form a complete
symmetric m-partite subdigraph in 
D.
The converse is straightforward. 
We usually refer to a p-clique in Dn asW. From the construction of Dn, for vertex (i, j) in Dn its degree is given by
deg(i, j)= d+(i)(j − 1)+ d−(i)(n− j)+ p − 1.
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Corollary 2.2. Let 
D be a uniform digraph with p vertices. IfDn[W ] is a p-clique then the number of edges inDn −W equals
the number of edges in Dn−1.
Proof. Now Dn[W ] = Kp so the number of edges ‘inside’W equals the number of edges inside the Kp at level n of Dn. For
any vertex (i, j) inDn we have by uniformity that deg(i, j)= d+(i)(n− 1)+p− 1. So, if (i, j) is inW then its degree ‘outside’
W is d+(i)(n− 1), which is independent of its level j. This outside degree is the same as the degree outside the Kp at level n of
the level n vertex (i, n). Hence the removal ofW from Dn removes the same number of edges as the removal of the Kp at level
n, and so the result. 
Now for our main result.
Theorem 2.3. Let 
D be a uniform digraph with p vertices. Then its generated sequence of graphs {Dn} is Kp-removable.
Proof. Suppose W induces a p-clique in Dn. Let the vertices of W be {(i, wi) | 1 ip}. Now we construct a bijection 
between the vertices of Dn −W and the vertices of Dn−1. Under , for a ﬁxed i ∈ [p], the vertices in the ith independent set
of Dn − W , namely in the set Ii\{(i, wi)}, are mapped to the vertices in the ith independent set of Dn−1, namely to the set
{(i, 1), . . . , (i, n− 1)}, as follows:
(i, j)=
{
(i, j), for 1 j <wi,
(i, j − 1), for wi < j n.
Clearly  is a bijection. It is straightforward to show that  moves edges in Dn −W to edges in Dn−1.
Now, from Corollary 2.2, the graphsDn −W andDn−1 have the same number of edges, and so  is an isomorphism. Hence
{Dn} satisﬁes P2. Clearly {Dn} satisﬁes P1, which gives the result. 
Example 1. p = 3, V ( 
D) = {1, 2, 3}, A( 
D) = { 
12, 
21, 
23, 
32}. Then 
D is uniform with three vertices. The ﬁrst three graphs
in the K3-removable sequence {Dn} are shown in Fig. 1. Notice the level-partition V1 = {1, 3}, V2 = {2} which illustrates
Theorem 2.1.
The converse of Theorem 2.3 is not true:
Example 2. p = 3, V ( 
D)= {1, 2, 3}, A( 
D)= { 
12}. Then {Dn} is K3-removable, but 
D is not uniform.
Question. Is every Kp-removable sequence isomorphic to the generated sequence of some digraph 
D? (From Example 2 we
know that 
D need not be uniform.)
TheKp-removable sequence {Gpn} is regular if every graphGpn is regular, and irregular otherwise. In general, the sequence
{Dn} is irregular, see Example 1. It is straightforward to show that allKp-removable sequences with p= 1 or 2 are regular; they
will be given in Theorem 3.3 below. However, for every p 3 an irregular Kp-removable sequence exists:
Example 3. p 3,V ( 
D)=[p],A( 
D)={ 
12, 
21, 
23, 
32}. Then 
D is uniformwithp vertices, so {Dn} isKp-removable. However
the graph D2 is irregular because deg(1, 2)= p but deg(2, 2)= p + 1, so {Dn} is irregular.
Call two Kp-removable sequences {Gpn} and {G′pn} isomorphic, denoted by {Gpn} ∼= {G′pn}, if Gpn ∼= G′pn for every
n 1.
Let  : 
D → 
D′ be an isomorphism between uniform digraphs 
D and 
D′. For every ﬁxed n 1,  induces an isomorphism
between Dn and D′n given by (i, j)= ((i), j), for every i ∈ [p] and j with 1 j n. Hence, for every n 1, Dn ∼= D′n and
so {Dn} ∼= {D′n}. We conjecture that the converse is true:
Conjecture. Let {Dn} and {D′n} be two Kp-removable sequences generated by uniform digraphs 
D and 
D′, respectively. If
{Dn} ∼= {D′n} then 
D ∼= 
D′.
As a ﬁnal remark we note that the above construction of a Kp-removable sequence needs a uniform digraph with vertex set
[p]. One way to construct such a uniform digraph is to take an undirected graphHwith vertex set [p] and ‘double-orientate’ each
edge in H, i.e., replace each edge (i, i′) with two arcs 
ii′ and 
i′i. Indeed, 
D in Example 1 was obtained from double-orientating
the path on three vertices.
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Fig. 1. The ﬁrst three graphs in the K3-removable sequence generated by the uniform digraph 
D, where V ( 
D) = {1, 2, 3} and
A( 
D)= { 
12, 
21, 
23, 
32}. See Example 1.
3. Generating regular (Kp, )-removable sequences using ﬁnite groups
Recall the deﬁnition of a regular Kp-removable sequence given above.
A uniform digraph 
D is called -uniform if there is a natural number  such that = d+(i)= d−(i) for every vertex i in 
D.
Note that 0 p − 1 when 
D has p vertices.
We noted in the proof of Corollary 2.2 that, for a uniform digraph 
D with p vertices, the degree of any vertex (i, j) in Dn is
deg(i, j)=d+(i)(n−1)+p−1. If 
D is -uniform, then deg(i, j)=(n−1)+p−1, which does not depend on i or j. HenceDn
is regular of degree (n− 1)+p− 1, and {Dn} is a regularKp-removable sequence.We call {Dn} a regular (Kp, )-removable
sequence.
So, from Theorem 2.3, we have
Theorem 3.1. Let 
D be a -uniform digraph with p vertices. Then its generated sequence of graphs {Dn} is regular (Kp, )-
removable.
In this section we study such regular sequences {Dn}. To generate such a sequence we need a -uniform digraph. For this we
can double-orientate a -regular graph H. However, this is only sufﬁcient when such a -regular graph exists. Instead, we use a
Cayley-type digraph which we obtain from an arbitrary ﬁnite group. See Biggs [2] and Grossman and Magnus [4].
Let p 1 and letGp={g1, . . . , gp} be a ﬁnite group with p elements, where e is the identity element. Let ⊆ Gp be a subset
of Gp with e /∈ and with || = , where clearly 0 p − 1.
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We form a digraph 
D = ( −→Gp,) from Gp and  as follows:
the vertices of 
D are {g1, . . . , gp} and
−−→gigi′ is an arc in 
D if and only if gi′g−1i ∈ .
We see that d+(gi) = d−(gi) = || =  for every vertex gi , hence 
D is -uniform. Consequently, using Theorem 3.1 above,
{Dn} is a regular (Kp, )-removable sequence. (Note that  need not be a generating set for Gp; this is why we call (
−→
Gp,) a
Cayley-type digraph rather than a Cayley digraph.)
Now for every p 1 there is a cyclic group with p elements, Cp , and a  ⊆ Cp with e /∈ and || =  for each 0 p− 1;
and, permitting henceforth = p corresponding to loops in 
D, for every p 1 there is a regular (Kp, p)-removable sequence,
namely {Kpn}. So we have the following existence result for regular (Kp, )-removable sequences:
Theorem 3.2. For every p 1 and every , 0 p, there exists a regular (Kp, )-removable sequence.
The cases corresponding to  = 0, p − 1, and p are especially interesting; they result in sequences that are unique up to
isomorphism. Let Kp×n = Kn, . . . , n︸ ︷︷ ︸
p
be the complete p-partite graph on pn vertices. The proof of the following theorem is
straightforward.
Theorem 3.3. For every p 1 there is a unique regular (Kp, )-removable sequence for = 0, p − 1, or p:
(i) {nK1} is the unique regular (K1, 0)-removable sequence,
(ii) {Kn} is the unique regular (K1, 1)-removable sequence and, for every p 2,
(iii) {nKp} is the unique regular (Kp, 0)-removable sequence,
(iv) {Kp×n} is the unique regular (Kp, p − 1)-removable sequence,
(v) {Kpn} is the unique regular (Kp, p)-removable sequence.
The -uniform digraphs needed to generate the last three sequences in Theorem 3.3 are: (iii) the 0-uniform digraph with p
vertices and no arcs; (iv) the (p − 1)-uniform digraph obtained by double-orientating the complete undirected graph Kp; and
(v) the p-uniform digraph obtained by attaching one loop to each vertex to the digraph in (iv). (Note that in (v) the digraph is
not loopless, but the construction still works.)
Example 4. LetZp={0, 1, . . . , p−1} be the additive group (mod p). For =0 set=∅, and for 1 p−1 set={1, 2, . . . , },
and for  = p set  = Zp . Note that in this last case 0 ∈ , contrary to our previous assumption that e /∈, but this causes no
problems. Then (
−→
Zp,) generates a regular (Kp, )-removable sequence for each , 0 p. So (
−→
Zp,) generates a spectrum
of graph sequences among which are the three sequences of Theorem 3.3(iii)–(v), namely {nKp}, . . . , {Kp×n}, and {Kpn}.
As usual let {Dn} be the regular (Kp, )-removable sequence obtained from a generating digraph 
D = (
−→
Gp,). Analogous
to Theorem 2.1, we describe the structure induced on 
D from p-cliques in Dn.
Let  denote the complement of  in Gp and let 〈〉 be the subgroup generated by , also let 〈〉g denote a typical coset of
this subgroup.
Let V = {(g1, v1), . . . , (gp, vp)} be an arbitrary vertex subset in Dn with exactly one vertex from each independent set
Ii = {(gi , j) | 1 j n}. As in Section 2, let V have vertices at m different levels: 1, . . . , m where 1< · · ·<m. For each k,
1 km, let Vk = {gi | vi = k} = ∅ be the set of ﬁrst coordinates of all vertices of V at level k . Then the sets V1, . . . , Vm
form a level-partition of Gp , and we have:
Theorem 3.4. Let 
D = ( −→Gp,) be a -uniform digraph with generated sequence {Dn}. Then Dn[V ] is a p-clique in Dn if and
only if each Vk is a union of cosets of 〈〉.
Proof. For any r 1 let
∏
(r)= h1 · · ·hr denote a product of r arbitrary elements h1, . . . , hr from . Clearly for any a ∈ 〈〉
we can express a as
∏
(r) for some ﬁxed r 1 and some suitably chosen r elements h1, . . . , hr from .
SupposeDn[V ] is a p-clique inDn with level partition V1, . . . , Vm. Consider any Vk and let gi ∈ Vk . Then
∏
(1)gi ∈ Vk for
any
∏
(1). For suppose otherwise. Then there exists a
∏
(1)= h1, say, with h1gi ∈ Vk′ for some k′ = k. However, this implies
from Theorem 2.1 that −−−−−→gi(h1gi) is an arc in 
D, i.e., (h1gi)g−1i = h1 ∈ , a contradiction.
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Nowwe show that if any
∏
(r)gi ∈ Vk then any
∏
(r+1)gi ∈ Vk . For suppose that there is a
∏
(r+1)=a(r+1)=h1 · · ·hr+1
with a(r + 1)gi /∈Vk . Then, by similar reasoning to the above, we must have a(r + 1)gi ∈ Vk′′ for some k′′ = k. Let
a(r) = h2 · · ·hr+1; then, by the induction hypothesis, a(r)gi ∈ Vk . Hence −−−−−−−−−−−−→a(r)gi(a(r + 1)gi) is an arc in 
D, and, as above,
h1 ∈ , a contradiction.
Hence the induction goes through, and, for any a ∈ 〈〉 we have agi ∈ Vk , i.e., we have 〈〉gi ⊆ Vk . Hence Vk is a union of
cosets of 〈〉.
For the converse, let each Vk be a union of cosets of 〈〉. Let (gi , k) and (gi′ , k′) be two arbitrary vertices inV.We show that
((gi , k), (gi′ , k′)) is an edge inDn. If k=k′ then, certainly, ((gi , k), (gi′ , k′)) is an edge by construction ofDn. Otherwise,
without loss of generality, let k > k′ . Then gi and gi′ are in different cosets of 〈〉, so gi′g−1i /∈ 〈〉, so gi′g−1i ∈ 〈〉 ⊆ ,
and again ((gi , k), (gi′ , k′)) is an edge. Thus Dn[V ] =Kp , as required. 
Theorem 3.4 enables us to count the exact number of Kp’s in Dn. Let |Gp : 〈〉| be the index of 〈〉 in Gp , i.e., the number
of cosets of 〈〉 in Gp .
Corollary 3.5. The number of Kp’s in Dn is n|Gp :〈〉|.
Proof. Consider any coset 〈〉g, let us ‘place’ the elements of this coset at any ﬁxed level j, where 1 j n, in the graph Dn.
Each such placement of every coset of 〈〉 gives a Kp and every Kp corresponds to such a placement of every coset of 〈〉.
Hence, the number of Kp’s in Dn equals the number of such placements of all the cosets of 〈〉. There are |Gp : 〈〉| cosets,
and n levels to place each, hence n|Gp :〈〉| such placements and so n|Gp :〈〉| corresponding Kp’s. 
Finally we brieﬂy consider three more topics: ﬁrstly, we discuss pairs (p, ) for which there is a unique regular (Kp, )-
removable sequence up to isomorphism; secondly, we prove that if any member of an arbitrary Kp-removable sequence {Gpn}
contains a Kp+1 then {Gpn} = {Kpn}; lastly, we list some possibilities for further research.
Let U denote the set of pairs (p, ) for which there is a unique regular (Kp, )-removable sequence up to isomorphism. Then,
from Theorem 3.3, for every p 1 we have (p, 0), (p, p− 1), and (p, p) ∈ U. Now we use Corollary 3.5 to show that for every
even p 4, we have (p, p − 2) /∈U.
Example 5. For every even p 4 there are at least two non-isomorphic regular (Kp, p − 2)-removable sequences:
For the ﬁrst let Gp =Dp/2 be the dihedral group with p elements, the group of symmetries of the regular p/2-gon. We have
Dp/2=〈a, b | ap/2=b2=(ab)2=e〉. Let=Dp/2\{e, b} so that ||=p−2 and e /∈. So 〈〉={e, b} and |Dp/2 : 〈〉|=p/2.
Thus Dn has np/2 Kp’s.
For the second let Zp = {0, 1, . . . , p − 1} be the additive group (mod p). Let  = {1, 2, . . . , p − 2}, then || = p − 2 and
0 /∈. But p − 1 ∈  and p − 1 generates Zp i.e., 〈〉 = Zp , and so |Zp : 〈〉| = 1 and D′n has n Kp’s.
Thus D2D′2 and so {Dn}{D′n}, and for every even p 4, we have (p, p − 2) /∈U. Note that D2 is K2p minus the edges
of p/2 disjoint 4-cycles, while D′2 is K2p minus the edges of a Hamiltonian cycle.
Now we show that if any member of an arbitrary Kp-removable sequence {Gpn} contains a Kp+1 then {Gpn} = {Kpn}.
Theorem 3.6. Suppose that for some n 2 the nth member,Gpn, of theKp-removable sequence {Gpn} contains aKp+1. Then
Gpn =Kpn and {Gpn} = {Kpn}.
Proof. Now Gpn contains a Kp+1. Since every Kp in Gpn is part of a partition of V (Gpn) into disjoint p-cliques, we may
assume without loss of generality that V (Gpn) is partitioned into n p-cliques L1, . . . , Ln so that some vertex u in L2 is joined to
every vertex ofL1, i.e.,L1∪{u}=Kp+1. Let v be any vertex inL1. Deleting the n−1 p-cliquesL3, L4, . . . , Ln, L1+{u}−{v}
in this order, we obtain the p-clique L2 + {v} − {u}. Hence v is adjacent to every vertex of L2 and the union of L1 and L2 is
K2p . Consequently, the removal of any n− 2 disjointKp’s must produce aK2p . This implies that the union of every two levels
Lj and Lj ′ is K2p; therefore, Gpn is a complete graph. Hence Gpn =Kpn.
Then clearly for every n′>n we have Gpn′ = Kpn′ . And, by removing the required number of Kp’s, for every n′<n we
have Gpn′ =Kpn′ also. Hence {Gpn} = {Kpn}. 
Some further research possibilities are the following:
(A) Investigate the Question and Conjecture mentioned near the end of Section 2.
(B) Investigate the set U; in particular, is (3, 1) ∈ U?
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For other papers on graph sequences see Barefoot et al. [1], and the references therein; another somewhat related paper is
Duchet et al. [3].
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